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A theoretical method is proposed for the calculation of the photon counting probability distribution
during a bin time. Two-state fluorescence and steady excitation are assumed. A key feature is a kinetic
scheme that allows for an extensive class of stochastic waiting time distribution functions, including
power laws, expanded as a sum of weighted decaying exponentials. The solution is analytic in certain
conditions, and an exact and simple expression is found for the integral contribution of “bright” and
“dark” states. As an application for power law kinetics, theoretical results are compared with experi-
mental intensity histograms from a number of blinking CdSe/ZnS quantum dots. The histograms are
consistent with distributions of intensity states around a “bright” and a “dark” maximum. A gap of
states is also revealed in the more-or-less flat inter-peak region. The slope and to some extent the
flatness of the inter-peak feature are found to be sensitive to the power-law exponents. Possible mod-
els consistent with these findings are discussed, such as the combination of multiple charging and
fluctuating non-radiative channels or the multiple recombination center model. A fitting of the latter
to experiment provides constraints on the interaction parameter between the recombination centers.
Further extensions and applications of the photon counting theory are also discussed. © 2014 AIP
Publishing LLC. [http://dx.doi.org/10.1063/1.4881460]
I. INTRODUCTION
A large class of single fluorophores subjected to steady-
state excitation emit light in a stochastic manner reminis-
cent of an underlying telegraph-like process.1, 2 Commonly,
fluorescence experiments probing such single blinking (in-
termittent) emitters involve binning. In this well-established
technique the emitted photons are counted over short consec-
utive time bins resulting in a series of photon counts called an
intensity trajectory. Binning may significantly influence the
outcome of photon counting statistics: several blinking events
may occur during a single bin, blurring the underlying states.
For example, in a recent study on CdSe/CdS core/shell quan-
tum dots (QDs) the choice of the bin time proved to be crucial
for resolving what the authors called a “gray” state.3 A funda-
mental limitation of the technique is that too short bin times
result in excessive shot noise due to the finite number of dis-
crete photon emissions. These Poissonian fluctuations further
exacerbate the problem of determining the underlying kinet-
ics. It is therefore of considerable interest to develop theoreti-
cal methods that explicitly take into account both binning and
the discrete nature of photon emission events.
In the analysis of dichotomous-like fluorescence trajec-
tories a more-or-less arbitrary intensity threshold is routinely
defined to estimate “on” and “off” waiting time distribu-
tions (WTDs). States above the threshold are considered on
and those below threshold off. Along simple exponentials,
power-law WTDs are often found in single fluorophore ki-
netics and are ubiquitous in colloidal QDs.4–6 Although the-
ories for QD blinking have been proposed and later refined
(see, e.g., Refs. 2 and 5, and references therein) the detailed
microscopic mechanism for the power law kinetics remains
unclear. Arguably, a prerequisite to the development of micro-
scopic theory is to uncover the underlying kinetics consistent
with photon counting statistics. Steady-state excitation exper-
iments have led to an ever increasing number of discoveries,
expanding the list of blinkers beyond various semiconductor
nanocrystals. Power-law blinking was lately observed in var-
ious fluorophores coupled to different environments, such as
perylene bisimide on Al2O3 surface,7 the RC-LH1 antenna
complex,8 synthetic polymers,9 and nitrogen vacancy centers
in nanodiamonds.10
It was assumed that blinking in colloidal QDs follows
an underlying two-state process jumping between an on and
an off state.11 This picture would naturally explain the ap-
pearance of two peaks in the intensity histogram. The finite
width of these peaks would be due to the Poisson fluctuation
of photon counts in the time bins. Meanwhile, the presence of
inter-peak intensities would appear due to blinking dynamics
within the bins. However, neither the width of the peaks, nor
the inter-peak intensities were actually theoretically treated
or explained so far within this picture. This important gap is
filled in here by a theoretical method that takes into account
the effect of binning and discrete photon counts. This allows
one to also address the question of whether photon count-
ing trajectories are consistent with the underlying two-level
picture.
The present theoretical approach postulates that (1) the
system has only two emission states with (2) known WTD,
and (3) is characterized by renewal after each jump. For ex-
ample, the two states can (and will) be assumed to follow
power law WTDs. The emission states correspond to the on
and off states, also termed as bright and dark states. The task
is then to calculate the probability that a given number of
0021-9606/2014/140(22)/224110/13/$30.00 © 2014 AIP Publishing LLC140, 224110-1
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discrete photon emission events occur during a given bin time
for steady illumination assuming properties (1)–(3). Similar
assumptions were considered elsewhere, albeit not in the con-
text of the single photon counting.12 The present paper sheds
light on the important problem of determining the number and
nature of emission intensity levels in single fluorophores from
a series of photon counting events. This problem was consid-
ered before via a change-point analysis,13 which is a model-
free statistical method that does not assume any prior knowl-
edge about underlying states and kinetics.
Besides the binned intensity histogram the on and off dis-
tributions are the most important statistics extracted from tra-
jectories. It remains unclear how the bin time and the inten-
sity threshold affect the outcome of the analysis. The goal of
this paper is to calculate the theoretical counterpart of the for-
mer, although the method can be easily extended to the lat-
ter as well. It was shown that both of these statistics can be
highly biased by the two artificial quantities introduced during
the analysis procedure, the bin time and intensity threshold.14
While binned photon counting statistics have been calculated
for exponential WTDs,15 other relevant WTDs such as power
laws and stretched exponentials have not yet been treated.
This problem is tackled here by introducing a special kinetic
scheme through which the functional form of the WTDs can
be controlled.
II. THEORY
A. Generic kinetic scheme and waiting time
distributions
Consider the kinetic scheme in Fig. 1 governing the time
evolution of single particle fluorescence. This scheme is effec-
tively equivalent to a two-state system with WTDs that follow
a weighted sum of decaying exponentials, as will be shown
below. The two intensity states shall be denoted “b” and “d,”
suggestive of bright and dark cycles. These become on and off
states for fluorophores with dark intensity below background
level and bright quantum yield close to 1.
The kinetic scheme assumes a “b” and “d” manifold
of states. These do not necessarily correspond to individual
physical states, they are a mathematical device that allows
one to control the WTD, while keeping the telegraph-like na-
ture of the process, as will be shown below. Hence, to avoid
confusion they will be simply called nodes. If the system is
found in any of the bright (dark) manifold its fluorescence
emission rate is nb (nd). Thus, while there could be a large
number of nodes, only two intensity states result. As seen
in Fig. 1(a), from any given node there is an equal rate of
transitions to each node in the opposite manifold. Transi-
tion between nodes in the same manifold is forbidden. Fur-
thermore, each node can be resolved into a fluorescent cycle
(Fig. 1(b)). These excitation-relaxation cycles are identical
within each manifold. They are much faster than the transi-
tions between nodes resulting in separation of timescales.16
Under these conditions, the time dependence of probabili-
ties associated with the nodes follows the master equation
d P/dt = ˆW P , where every component of P corresponds
to a node. The transition matrix has a bright-dark block
(a)
(b)
FIG. 1. (a) Reduced kinetic scheme for generating totally monotone waiting
time distributions of practically arbitrary shape. The transition rates from a
given bright node to all dark nodes are identical and vice-versa. Rates for
only two nodes have been represented. (b) Each bright (dark) node can be
further resolved into a bright (dark) fluorescent cycle with effective nb (nd)
photon emission rates. All nodes within a manifold correspond to the same
emission intensity, therefore the system produces only two intensities.
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, (1)
where Kb = Nd kb and Kd = Nbkd . The condition d P/dt
= 0 yields the steady-state vector Pe, which for the bright
nodes reads
(
pbe
)
n
= c
kbn
, c =
(
Nb∑
n=1
1
kbn
+
Nd∑
n=1
1
kdn
)−1
. (2)
Assuming stationary conditions the survival probability in the
bright state has been shown to be17
pb(t) =
〈1, ˆWdb exp( ˆWbbt) ˆWbd pde 〉〈1, ˆWbd pde 〉−1, (3)
where the bracketed expression stands for the dot product op-
eration. Simple algebra reveals that the bright WTD is a linear
combination of decaying exponentials,
pb(t) = 1
Nb
Nb∑
i=1
Kbi e
−Kbi t . (4)
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Analogous expressions for the dark probabilities follow by
formally interchanging b and d. Each exponential has a weight
K
b(d)
i and corresponds to a specific node.
A suitable set of nodes can reproduce practically any
relevant stochastic continuous WTD, such as power laws,
stretched exponentials, or a combination of exponentials. For
a targeted WTD, any degree of accuracy can be reached in
principle, by increasing the density (number) of nodes in wait-
ing time. One can thus see that the present theoretical method
ultimately draws on the idea of decomposing the WTD func-
tions in a series of decaying exponentials. According to Bern-
stein’s theorem totally monotone functions (i.e., of any order
derivative also monotone) can be approximated to any degree
by a weighted sum of real exponentials.18 Efforts on decom-
posing functions in sums of exponentials date back to Prony
(1795), with renewed interest in computational science.19
B. The binned photon count distribution P(m|T)
A generating function technique20, 21 can be employed to
find the distribution of the photon number in a time inter-
val (bin). Given the kinetic scheme in Fig. 1, a set of linear
equations follow which describe the time dependence of the
generating function. The knowledge of the generating func-
tion allows one to access all orders of photon counting statis-
tics associated with monitored transitions. The components of
the reduced generating function vector f (t, λ) obey, in block
form, the equation16
d
dt
[ fb
fd
]
=
[
ˆLbb ˆLbd
ˆLdb ˆLdd
][ fb
fd
]
, (5)
where
ˆL =
[
ˆWbb − (1 − λ)nb ˆ1 ˆWbd
ˆWdb ˆWdd − (1 − λ)nd ˆ1
]
. (6)
Formally, the solution is
f (t, λ) = exp( ˆLt) f (0, λ), (7)
where f (0, λ) = pe is the initial condition assuming equilib-
rium state. The generating function is the sum of the elements
of the generating function vector, which can be compactly
written as
F (t, λ) = 〈1, f (t, λ)〉 = 〈1, exp( ˆLt) pe〉. (8)
Finally, calculating the quantity of interest, P(m|T), the
probability of a number of m counts occurring assuming a
binning time T reduces to the knowledge of the generating
function,
P (m|T ) = 1
m!
∂mF
∂λm
∣∣∣∣
λ=0
. (9)
A Green’s function technique can be employed to solve
Eq. (7). The propagator (Green’s function) corresponding to
the equation is ˆF (t, λ) = exp( ˆL(λ)t). By formally transfer-
ring this equation to Laplace space, one finds
ˆF (s, λ) = (s ˆ1 − ˆL(λ))−1. (10)
One can now proceed to exchange the order of derivation with
respect to λ and then apply the inverse Laplace transform.
Using block-matrix representation this yields
P (m|T ) = 1
m!
L−1
{〈
∂m ˆF (s, λ)
∂λm
∣∣∣∣∣
λ=0
〉}
. (11)
By taking advantage of the block-matrix representation it is
possible to reduce ∂mλ ˆF (s, λ)|λ=0 to a shape simple enough for
inverting back to time domain. In most experiments the bright
emission rate usually dominates over on-off switching rates
and dark emission rates, therefore it is convenient to use units
of nb, resulting in formal replacements Kb(d)n /nb → Kb(d)n and
kb(d)n /nb → kb(d)n . Similarly, time units will be of n−1b . The
ratio of dark and bright fluorescence emission rates is de-
noted by r = nd/nb. Note that this change of units does not
affect the outcome of the calculations. Further simplifying
notations are Rb =
∑Nb
n=1(kbn/An), Rd =
∑Nd
n=1(kdn/Dn), Sb
= ∑Nbn=1(1/An), and Sd = ∑Ndn=1(1/Dn) as well as An(s, λ)
= s + 1 − λ + Kbn and Dn(s, λ) = s + (1 − λ)r + Kdn . Using
these notations one arrives to a reshaped ˆF−1 matrix,
ˆF−1=
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
A1(s, λ) 0 . . . −kd1 −kd2 . . .
0 A2(s, λ) . . . −kd1 −kd2 . . .
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
−kb1 −kb2 . . . D1(s, λ) 0 . . .
−kb1 −kb2 . . . 0 D2(s, λ) . . .
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.
(12)
In block-wise notation this is equivalent to
ˆF−1 =
[
ˆA ˆB
ˆC ˆD
]
. (13)
The inversion is carried out in the block-wise manner thor-
ough the standard formula
[
ˆA ˆB
ˆC ˆD
]−1
=
[
ˆA ˆ0
ˆ0 ˆ0
]
+
[− ˆA−1 ˆB
ˆ1
]
ˆP−1[− ˆC ˆA−1 ˆ0 ],
(14)
where ˆA was chosen as the “pivotal” block (choosing ˆD
would lead to the same result). Thus, inverting ˆF−1 effectively
reduces to the inversion of the so-called Shur complement of
ˆA, defined as ˆP = ˆD − ˆC ˆA−1 ˆB. An essential step in this cal-
culation is to recognize that the Shur complement can be con-
veniently cast as
ˆP = ˆD − (Rb1)(kd )T , (15)
where ˆD is diagonal, 1 and kd = [kd1 kd2 . . .]T are col-
umn vectors. A corollary of the matrix inversion (Sherman-
Morison-Woodbury) lemma22 applies to Eq. (15),
ˆP−1 = ˆD−1 −
ˆD−1(Rb1)(kd )T ˆD−1
1 − (kd )T ˆD−1(Rb1)
. (16)
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After carrying out the necessary algebraic steps, the block-
wise components of 〈 ˆF 〉 emerge,
〈 ˆFbb〉 =
Nb∑
n=1
c
Ankbn
+ cRd 11 − RbRd S
2
b , (17)
〈 ˆFbd〉 = c 11 − RbRd SbSd (18)
= 〈 ˆFdb〉, (19)
〈 ˆFdd〉 =
Nb∑
n=1
c
Dnkdn
+ cRb 11 − RbRd S
2
d . (20)
The s and λ dependence have been suppressed for simplic-
ity. As expected, these expressions are clearly invariant with
respect to the formal permutation b↔d and A↔D.
Finding the inverse Laplace transform poses a challenge
due to the (1 − RbRd)−1 term. However, assuming that in ex-
perimental photon counting trajectories the emission rate is
fast compared to the “typical” bright-dark switching rates, one
can resort to a Taylor expansion in RbRd,
1
1 − RbRd = 1 + RbRd + 2(RbRd )
2 + . . . . (21)
In practice sufficient convergence may be reached even by a
first order approximation. Indeed, this is the case for power-
law WTDs that are typical to colloidal CdSe/ZnS quantum dot
blinking as shown in this paper.
Both s and λ dependence enter through the quantities An
and Dn defined in the main text. Moreover, it is easy to see
that [
∂mλ An(s, λ)
]∣∣
λ=0 = (−1)m∂ms An(s, 0), (22)
[
∂mλ Dn(s, λ)
]∣∣
λ=0 = (−1)mrm∂ms Dn(s, 0). (23)
Thus, the λ dependence is effectively removed from the cal-
culations, and calculating the Laplace inverse is much sim-
plified. The first terms in Eqs. (17) and (20) can be Laplace-
inverted using elementary methods,23 and yield the bright and
dark Poisson peaks. Laplace-inverting the remainder of the
terms is thus effectively reduced to calculating terms formally
cast as
F ′m(l1, l2, l3, l4) = L−1
{
∂mλ (Rl1b Rl2d Sl3b Sl4d )|λ=0
}
. (24)
Here, L−1 stands for Laplace inversion with standard vari-
ables t and s. Finally, the main theoretical results of this paper
is that the probability P(m|T) of emitting m photons during a
bin time T takes a simple form,
P (m|T )
= T
m
m!
Nb∑
n=1
c
kbn
e−(1+K
b
n )T + (rT )
m
m!
Nd∑
n=1
c
kbn
e−(r+K
d
n )T
+ c
m!
∞∑
q=0
Bq(m, T ). (25)
Here, q corresponds to the order of the Bq(m, T) terms in
the Taylor expansion from Eq. (21), which can be expressed
as
Bq(m, T )
= F ′m(q + 1, q + 1, 1, 0) + F ′m(q + 1, q + 1, 0, 1)
+2F ′m(q, q, 1, 1). (26)
The first and second terms in Eq. (25) are Poissonians arising
from the separate contributions of the bright and dark mani-
folds, with weights as a function of kbn and kdn , respectively.
Assuming negligible dark emission rate (r = 0), given the no-
tation 0m = δm, 0, the dark Poissonian narrows to a “Kronecker
delta” centered at m = 0. This is equivalent to the true on/off-
type blinking.
The third term in Eq. (25) arises from blinking dynamics
producing several stochastic jumps within a bin. A method
is described in Appendix A for the calculation of terms
Bq(m, T) of any order by the elementary Laplace inversion
of F ′m(l1, l2, l3, l4) terms using a numerical scheme and ten-
sor algebra. The order of the approximation needed can be
established by a simple convergence criterion, namely, that
the total probability must approach one,
∑
mP(m|T) = 1. In
practical applications where Kbn,Kdn 	 nb the sum often con-
verges quickly: for QDs considered in this paper the contribu-
tions of q > 2 terms were negligible. The sum in Eq. (25) ac-
counts for the photon counts in between the two Poissonians,
and becomes negligible if the bin time is small compared to
blinking timescales. However, for faster blinking its contribu-
tion becomes important eventually leading to a broad central
feature. The central limit theorem predicts that this becomes
a Gaussian for very long bin times,24 which was verified for
simple exponential WTDs (Nb = Nd = 1). These calculations
(Appendix B) also serve to validate my method by reproduc-
ing the results of Gopich and Szabo.16
In practical applications one often finds that the sum in
Eq. (25) already converges after the first few terms if the rates
associated with each node is small compared to the bright ra-
diative rate, i.e., Kbn,Kdn 	 nb. In the simplest case, whereby
the lowest order (q = 0) term yields satisfactory result, and
the dark emission rate is negligible (on-off type blinking) the
sum reduces to an analytic form,
B0(m, T )
=
∑
ijk
Kbj K
d
k
Kbj + j − Kbi
{
e−(1+K
b
i )T g
[(Kbi − Kdk )T ]
− e−(1+Kbj +j )T g[(1 + Kbj + j − Kdk )T ]}
+
∑
ijk
Kbj K
d
j
Kdk +k−Kdj
e−(1+K
b
i )T
{
g
[(Kdj −1−Kbj )T ]
− g[(Kdk + k − 1 − Kbi )T ]}
+ 2
∑
ij
e−(1+K
b
i )T g
[(Kdj − 1 − Kbj )T ]. (27)
In this formula the notation g(x) = Tm + 11F1(1, m + 1,
x)/(m + 1)! applies, where 1F1(k, l, x) is the confluent hy-
pergeometric function in the standard hypergeometric series
notation.25
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III. APPLICATION TO POWER-LAW KINETICS
The present photon counting theory will be now applied
to power-law kinetics. For this purpose the nodes will be cho-
sen according to the distribution
Kn =
[
Kα−11 + A(n − 1)
] 1
α−1 , A = K
α−1
N − Kα−11
N − 1 , (28)
where N is the number of nodes and n = 1, . . . , N. Indices b
and d are implicit. Simple arguments can convince the reader
that this choice of nodes leads to WTDs following an approx-
imate inverse power law (t−α). Consider that the identity26
t−α = 1
(α)
∫ ∞
0
Kα−2 (K e−Kt )dK (29)
can be approximated by a sum of terms Kie−Kit if Ki fol-
low the density ρ(K) ∼ Kα − 2. The series (28) was chosen
to approximately follow this density. In the inset of Fig. 2(c)
shows an example of a pair of bright and dark WTDs that
were calculated by plugging two sets of nodes following
Eq. (28) into Eqs. (2) and (4) and their respective dark ana-
log. The power law dependence is limited to a range between
a shortest timescale, tm = 1/KN, and a longest timescale, tM
= 1/K1. The latter is a truncation time beyond which the WTD
decays exponentially. Practically, the power law range can be
indefinitely extended and is only limited by computational re-
sources.
Clearly, for any given WTD there is an infinite number of
choices for nodes. For example, doubling every node leaves
the kinetics unaltered. Nevertheless, if the density of nodes is
sufficiently large, statistical quantities depend only on the ra-
tio of Nb/Nd and not their absolute values. One can use, for
instance, the mean fluorescence quantum yield (〈Y〉) or av-
erage photon count (〈n〉) to set the value of this ratio. The
fluorescence quantum yield is defined as the ratio of the pho-
ton emission and absorption rates. From the equation on the
steady-state vectors, Eq. (2), follows that
〈n〉 = nd
Nd∑
n=1
c
kdn
+ nb
Nb∑
n=1
c
kbn
, (30)
and assuming constant absorption rate,
〈Y 〉 = Yd
Nd∑
n=1
c
kdn
+ Yb
Nb∑
n=1
c
kbn
, (31)
where Yb(d) are the bright/dark state quantum yields. In many
single fluorophore systems (such as colloidal QDs studied
here4 and dye molecules27), the dark state yields no measur-
able amount of photons (nd = 0). Moreover, in high-quality
QDs the bright state is assumed to have a quantum yield close
to 1, therefore 〈Y 〉 = ∑Nbn=1 ckbn . It then becomes possible to es-
timate 〈Y〉 from trajectories and further used to set the Nb/Nd
ratio when choosing an appropriate set of nodes. Therefore,
once the value of the mean quantum yield is fixed by esti-
mating it from a trajectory any theoretical quantity will only
depend on the physical parameters tb(d)m , t
b(d)
M , and αb(d).
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FIG. 2. Comparison of experimental and theoretical features in the inten-
sity distribution at different bin sizes: 10 ms (a), 20 ms (b), and 50 ms (c).
Normalized histograms from a single colloidal CdSe/ZnS QDs intensity tra-
jectory are plotted (black circles) along the theoretical photon count probabil-
ities (blue line), and their convolution to a background Poisson noise with a 4
counts/10 ms average (black line). The calculation assumed WTDs with equal
shortest timescales (tb(d)m = 2 ms), different longest timescales (tbM = 100 ms
and tdM = 1 s), and both power-law exponents α = 1.5. The mean quantum
yield was 0.1. The inset in (a) shows the experimental trajectory used in all
subfigures. The inset in (c) shows the waiting time distributions (blue for on
and red for off) assumed in all theoretical calculations.
IV. DISCUSSION AND COMPARISON WITH
EXPERIMENT
A. Histogram features only qualitative reproduced: A
“fine structure” of bright and dark states
First, the features of the histogram from a single QD tra-
jectory will be compared with theoretical probabilities from
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a qualitative perspective. This experimental trajectory
(Fig. 2(a), inset) is a rather typical high-quality, stable one
from a batch of 100 trajectories, and its histograms (Fig. 2,
circles) clearly exhibit dichotomous blinking at various bin
times. Another important feature is that between the peaks
the intensity counts remain finite (non-zero) at all values, re-
gardless of bin time. Similar trajectories from this batch have
been previously analyzed elsewhere.17, 28
The theoretical distribution in Fig. 2 (blue line) has a
sharp, delta function-like peak at 0 intensity corresponding to
a negligible off emission rate, nd ≈ 0. Its widening is simply
due to an additive background Poisson noise with a mean of
roughly 4 counts/10 ms. Alternatively, assuming lower noise
level, the dark intensity may be higher than 0, but it is limited
to 4 counts/10 ms. The bright Poissonian is centered around
the average number of photons emitted in a time bin (around
100 for a 10 ms bin), assuming that the system is in that
state during the whole bin time. This average corresponds
to the underlying bright intensity (nb). It is noteworthy that
the fluctuations due to the discreteness of photon emission
events, count corresponding to intensities significantly larger
or smaller than the underlying intensity nb would be found
over long trajectories. This would apply to dark intensities as
well, where (assuming nd > 0) one may find bins with signif-
icantly fewer counts then the underlying intensity. Thus, the
smallest and largest bin count is not a good measure of bright
and dark intensity. Unbiased estimations could be subtracted
by considering the peaks within the intensity histogram rather
than looking at counts from individual bins.29 For example,
the dark intensity fitted to the trajectory in Fig. 2 could be
anywhere in the 0–4 counts/10 ms range, depending on back-
ground noise.
According to Fig. 2, in the region between the more-
or-less prominent on and off peaks, a flat feature or plateau
emerges in both experimental and theoretical histograms. This
feature is attributed to the blinking dynamics: due to switch-
ing times shorter than bin time, multiple bright-dark transi-
tions occur within one bin resulting in an effective “mixing”
of the two states. Furthermore, this picture remains valid if
the bin times are changed (Figs. 2(a)–2(c)). Calculations as-
suming power law exponents αb = αd = 1.5 invariably yield
an almost perfectly flat feature that prevails if parameters are
changed, including bin time and shortest timescale for power
law (Fig. 7). Meanwhile, plateaus of different height and
steepness can result. The effect of binning on the inter-peak
plateau may seem counter-intuitive at first glance: longer bin
times result in lower-lying inter-peak plateaus. However, the
combined probability of inter-peak counts in fact increases,
and it is distributed among more count values, hence the
lower-lying plateaus.
While the qualitative features of the histogram (Fig. 2)
are roughly consistent with a two-state model, a numeri-
cal agreement is lacking. The width of the theoretical bright
peak is only about half of the experimental one. The base
of the dark peak is also wider in experiment. One cannot
rule out a one-sided (inner side) widening of the on peaks
due to the strong positive correlation between subsequent on-
on durations,30, 31 neglected in this treatment. However, the
widening on both sides of the peaks cannot be explained by
correlation effects. Consequently, there must be distributions
of intensity states grouped around the on (100 counts/10 ms)
and off (0–4 counts/ms) maxima, rather than two single states.
The persistent plateau in experimental histograms (Figs. 2(a)–
2(c)) is a clear signature that the two groups do not overlap,
and there is a range of intermediate intensities that the sys-
tems do not visit, an intensity state “gap.” This observation
validates, in the sense of a rather crude first order approxima-
tion, the two-level approach.
In calculations (Fig. 2), parameters more-or-less typical
to colloidal CdSe/ZnS QD blinking were chosen, except for
a rather short off correlation time. Parameters were not sub-
tracted from an actual fit to the experimental WTDs due to
their strong dependence on the choice of threshold.14, 17 The
values of the shortest on and off timescales (tb(d)m ) have not
been separately determined in experiment, and they were cho-
sen to be identical and in the millisecond range. The possibil-
ity of lower tb(d)m cannot be ruled out as there is evidence that
intensity fluctuations in CdSe/ZnS QDs may extend to 1/10 of
a millisecond.32 Interestingly, in a different colloidal system,
the InAs QD, these fluctuations are present down to submi-
crosecond range.33 Note, however, that the width of the Pois-
son peaks,
√(nbackgroundT ) (off) and
√(nbT ) (on), does not
depend on the choice of the shortest or longest timescales of
blinking. Therefore, changing the range of power law fluctua-
tion would definitely not result in a quantitative agreement be-
tween the two-state theory and experiment. In the meanwhile,
the present calculations (Fig. 7, Appendix D) indicate that the
height of the central plateau is sensitive to the choice of the
shortest blinking timescale. Thus, further investigation is war-
ranted on utilizing this feature to reveal the shortest timescale
from trajectories in systems other than CdSe/ZnS QDs, where
the two-level picture rigorously applies.
The trajectory shown in Fig. 2 was chosen from a set
of 100 trajectories from similar CdSe/ZnS QDs.17, 28 About
half (49) of these trajectories showed two distinct peaks in
their intensity histograms. Further investigation showed that
qualitatively the picture of two distributions revealed in Fig. 2
trajectory applies to these as well. Nevertheless, the range of
the plateaus appears to vary between trajectories which corre-
spond to various degrees of overlap (separation) between the
underlying dark and bright distribution of intensity states.
B. The inter-peak feature at different power law
exponents
Practically, all stable trajectories in the analyzed batch
show a rather flat inter-peak feature. The question that one
might ask is whether or not the shape of this feature is sen-
sitive to the power law exponents. Earlier theoretical stud-
ies on dichotomous processes with power law WTDs assum-
ing continuous “monitoring” have shown that in the limit of
very long bin (integration) times the inter-peak feature of the
time-averaged intensity distribution displays a rich behaviour.
Namely, it follows a Lamperti function, which has an approx-
imate “U” shape for small (<1.5) power-law exponents and a
“W” shape for large (>1.5) ones.34 The former corresponds
to the case of strong ergodicity breaking since the histogram
does not show a peak at the ensemble average, while the latter
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FIG. 3. Binned photon counting distributions as a function of power law
exponents. The panels correspond to different off exponents: αd = 1.1 (a), αd
= 1.5 (b), and αd = 1.9 (c). Three distributions are found within each panel,
corresponding to on exponents αb = 1.1 (blue), αb = 1.5 (green), and αb =
1.9 (red). The other parameters were kept constant, tb(d)m = 2 ms, tbM = 0.1 s,
tbM = 1 s, T = 10 ms, nb = 10 ms−1, and r = 0.01.
corresponds to weak ergodicity breaking due to the arising of
a central peak around the ensemble average.35
In order to investigate upon such effects for finite bin
times typical for blinking experiments, the present analysis
has been extended to power law exponents in the range (1.1–
1.9) keeping all other parameters fixed. Figure 3 summarises
the finding and reveals a behaviour somewhat reminiscent of
the Lamperti function. While the Lamperti function features
are much less pronounced due to the shortness of bin time,
one can identify all the relevant cases. In addition, the features
are broadened due to the discrete nature of photon detection
events. Thus, the two-peaked distributions with a round de-
pression found at small exponents (Fig. 3(a)) correspond to
the “U” shape, while the three-peaked distribution at large ex-
ponents with a shallow intermediate peak (arrow in Fig. 3(c))
corresponds to the “W” shape. More flattened plateaus are
found when at least one of the exponents is ∼1.5 which is
close to the transition point from the “U” to the “W” shape.35
Meanwhile, the inter-peak region shows various degrees of
tilting both sloping towards the on and off states. The tilt is
more sensitive to the power law exponent than the curvature.
According to calculations in Fig. 3 the non-flat features are
not very pronounced and, if exist, may be difficult to detect
in histograms from trajectories due to statistical noise. Fur-
ther investigation is warranted to establish whether the power
law exponents could be estimated using the present theoret-
ical framework from trajectories by comparing the flatness,
tilt, and possible the height of the interpeak features. The de-
tails of such a study are deterred to a future publication.
C. Practical method for quantitative comparison with
many trajectories
Next, a systematic method will be demonstrated for the
comparison of theory with multiple trajectories taking advan-
tage of certain quantities that can be calculated with simple
analytic formulas. Arguably, for a deeper understanding of
the physical processes involved in blinking, the proper quan-
titative analysis of a large set of experimental trajectories is
more desirable than considering only one or a few. A compar-
ison based on complete intensity histograms (Fig. 2) becomes
impractical for large numbers of trajectories. This difficulty
can be overcome by evaluating only the total contribution of
either the two Poisson peaks or the central feature (Pbd(T)),
Pd (T ) =
∞∑
m=0
(rT )m
m!
Nd∑
n=1
c
kbn
e−(r+K
d
n )T , (32)
Pb(T) is analogous and Pbd(T) follows from normalization.
Thus, the contributions of the three features can be calcu-
lated by simple summations. In Fig. 4, theory and experi-
ment are compared based on Pd written as a function of the
mean quantum yield [Eq. (31) and following discussion]. The
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FIG. 4. Comparison of theory and experiment based on the probability asso-
ciated with the dark peak in the histogram. The on-state quantum yield was
assumed ∼1. Each rectangle corresponds to one telegraph-like trajectory (48
total). The thick line indicates the trajectory from Fig. 2. The rectangles en-
close confidence areas that correspond to a confidence level larger than 95%.
Shaded areas correspond to theory. On and off power law exponents were var-
ied in the 1.2–1.8 range, the shortest blinking timescales in the 10 μs–1 ms
range, the longest on timescales in the 100 ms–100 s range.
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first few intensity points of the off peaks (bins with ∼1–4
counts) were found to be approximately Poissonian in 48 out
of 49 dichotomous-like trajectories (one trajectory had a wide
off peak that could not be fitted by this method). The fitting
of Poissonians allowed for an estimation of the experimen-
tal off probability (Appendix C). Also, the mean quantum
yield and the associated confidence intervals were estimated
by appropriate statistical procedures. The confidence areas
show the limits within which both quantities are found with a
high (>95%) probability. The shaded areas correspond to the-
ory assuming a complete range of parameters consistent with
blinking. On a more technical note, the calculation of a multi-
tude of Pd values and the statistical analysis of a considerable
set of trajectories required only modest computational power.
The longest off times are known to be extremely long,36
probably surpassing the very length of the trajectories (1 h).
However, it is not necessary to perform calculations beyond
some limit. According to the comparison on Fig. 4, as one
considers increasingly high values for the longest off time, the
discrepancy between theory and experiment becomes more
pronounced. Even unrealistically low theoretical values are
found to be inconsistent with experiment. Thus, for the calcu-
lation of the probability contribution of dark peaks the diffi-
culty arising from a possibly infinite correlation length and
thus non-ergodicity28 is effectively removed. Furthermore,
experimental off power law distributions extending to infin-
ity would result in smaller mean quantum yields if one would
measure longer trajectories (aging effect). This would in fact
further increase the gap between theoretical and experimen-
tal points in Fig. 4. It, therefore, becomes clear that none of
the 48 dichotomous-like trajectories are consistent with the
simple two-level model, nor is the 49th trajectory due to both
of its wide dark and bright peaks. The remainder of the tra-
jectories showed various instabilities, such as monotonous
global trends (either increasing or decreasing) which may be
attributed to the QDs slowly diffusing in and out of the focal
plane. Nevertheless, if one were to assume that these trends
are intrinsic to blinking rather than artifacts, these unstable
trajectories would be even harder to reconcile with the two-
level assumption than the dichotomous ones.
D. Implications of the distributed states on models
of blinking
Elucidating the statistics associated with photon count-
ing trajectories can help further develop and refine theories
of quantum dot blinking. The present investigation has re-
vealed information about features of the underlying intensity
state distribution based on a number of such trajectories. In
line with these findings, theories should allow for a quasi-
continuum of states grouped around a bright and a dark max-
imum. They should also account for the observation that the
bright and dark intensity states are separated in the intensity
histograms of high-quality trajectories. This separation is in-
dicated by the presence of an inter-peak plateau predicted by
calculations in this paper. Finally, models have to take into
account the rather narrow distribution of dark intensity states
manifesting as a narrow (but still wider-than-Poissonian) peak
in almost all of the analyzed trajectories.
While the long-held contention of a two-state picture is
undoubtedly a useful approximation, for a more realistic treat-
ment it should be further developed. The more nuanced pic-
ture that emerges is that a “fine structure” applies to both
bright and dark intensity states where the wide distribution of
the former poses a major challenge. Indeed, the present find-
ings contribute to the growing body of evidence supporting
a multi-state picture of blinking.3, 13, 32, 37–39 Emission lifetime
measurements in CdSe/ZnS QDs have demonstrated that the
off state can be further resolved into a manifold of states38, 39
which is consistent with the evidence indicating a distribu-
tion of dark intensity states (Fig. 2). Interestingly, in a differ-
ent blinking QD system (CdSe/CdS core/shell QDs), a dim
(gray) intermediate intensity peak has been reported in addi-
tion to the off and on peaks (trimodal blinking) and attributed
to weekly emitting trion states.3, 37
Models of blinking described in the literature are based
on either or both of two mechanisms: the charging mechanism
and the fluctuation of nonradiative recombination channels.5
The originally proposed charging model and many of its ver-
sions developed later to explain the power law distributions2
predict only two intensity states. An essential aspect of the
charging model is an efficient Auger mechanism which ren-
ders trion states dark. As an extension of this framework, mul-
tiply charged states were suggested in order to account for
a dark-state quantum yield much lower than its biexcitonic
counterpart.29 Multiply charged states are also consistent with
the distribution of lifetimes in the dark state38 as well as the
present findings on the distribution of dark intensity states.
The wide distribution of bright intensity states reported in this
paper could be due to an alternative mechanism of fluctuating
non-radiative channels. Surface trapping has been found to be
an efficient non-radiative channel that can compete with ra-
diative relaxation.40 One might envision surface traps that are
dynamically created and destroyed as a result of the relaxation
processes of excited species. The resulting combination of a
multiple charging mechanism and such fluctuating channels
would explain these and possibly other important features of
QD blinking. Note that the mechanism proposed to explain
the blinking kinetics in the tertiary CdSe/CdS systems is an
example of such a mixed mechanism: the off peak was due
to efficient non-radiative channels and the dim (or gray) state
was due to charging.41
An alternative theory is the multiple recombination cen-
ter (MRC) model,17 which attributes the intensity fluctua-
tion to a dynamical set of recombination centers acting as
two-level systems. These centers are thought to be dynamic
trap states associated with the QD surface. A few such cen-
ters naturally produce a quasi-continuum of intensity states.
Within this framework a separate dark and bright intensity
state distribution is not due to charging, rather it can be
achieved by assuming a strong interaction between the two-
level systems.17, 42 Simulations using the interacting MRC
model reveal in Fig. 5 that as the interaction strength is in-
creased the bright and dark distributions become grouped into
increasingly distinct and eventually non-overlapping mani-
folds. The interaction strength is quantified by the coupling
parameter α. While at α = 0.3 the two quantum yield dis-
tributions significantly overlap, at α = 0.9 there is a large
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FIG. 5. Simulation of quantum yield (∼intensity) distribution function
within the framework of interacting recombination centers. The lines (in or-
der blue, red, green, black, and purple) correspond to an increasing coupling
parameter α (0.3, 0.4, 0.5, 0.6, and 0.9). Other model parameters are kept
constant.
gap in between the bright and dark groups. Meanwhile,
the rest of the MRC parameters have been kept constant,
and are similar to the ones used in previous calculations,31
N = 10, kr/k = 0.5, γ 1 = 1, a = 1/
√
10, and β = −0.1.
Clearly, the extent of separation between the bright and dark
groups is controlled by the coupling parameter. Note that the
relative contribution of the two groups is controlled by the
bias parameter β.
Even a qualitative comparison of the intensity distri-
bution (Fig. 2) with simulated quantum yield distributions
(Fig. 5) places constraints on the model parameters. Such a
comparison is possible since, assuming constant excitation
rate, the quantum yield is proportional with the intensity. It
was argued earlier in this paper that the plateau in the exper-
imental histogram corresponds to a gap in the underlying in-
tensity distribution. Accordingly, the region roughly between
200 and 600 counts/ms in Fig. 4 (which is about 1/6–1/2 in
quantum yield) is devoid of intensity states. This is a relatively
large gap that can be rationalized within the MRC framework
as a large coupling (α ≈ 0.8–0.9). Further theoretical inves-
tigation to uncover the microscopic nature of the two-level
systems should reveal the reason for this constraint on the
coupling parameter. Note, however, that since the extent of
the flat feature is subject to binning artifacts the estimation
of the coupling parameter based on the histogram plateaus is
approximate. A variation in the apparent gap size of differ-
ent trajectories is also noticeable, which at least partly, may
be due to binning artifacts. It is possible to envision an ap-
proach which could provide more accurate estimations for
the coupling parameter and indeed the full set of model pa-
rameters. This approach would be a direct Bayesian fit be-
tween the MRC model and a complete photon counting se-
ries, rather than a comparison via extracted statistics like the
histogram and on/off distributions. Note that using photon
counting series would eliminate binning and related artifacts
altogether.
A framework providing a unified description was
achieved recently by relaxing some of the assumptions of
the originally proposed MRC model,6 such as allowing for
a special highly efficient recombination center. Further in-
vestigations revealed that such a unified framework seems to
be consistent with the intensity distributions from all of the
100 trajectories analyzed here, including even those few
with complicated distribution and multiple peaks in the his-
togram. Finally, an important realization should be men-
tioned, namely, that trap states are a common feature of both
mechanisms of blinking. This suggests that future efforts
should be aimed at understanding their microscopic nature.
A further implication of the Poisson fluctuations and
blinking dynamics revealed hereby is that on and off statistics
subtracted from trajectories by the threshold method could
be strongly biased. While a large deviation from the average
has a low relative probability, during very long on and off
states this probability becomes significant resulting in events
that effectively truncate and distort the distributions. More-
over, such effects would change as a function of the intensity
threshold and bin time, resulting in an artificial dependence
on these parameters. These observations support the conclu-
sion of Crouch et al. that care must be taken when estimating
statistics from trajectories.14 Indeed, threshold and bin time
dependence of the on and off statistics are routinely observed
during trajectory analysis.14, 17 The single photon counting ap-
proach could be further developed to elucidate rigorously to
what extent these dependencies are artifacts as opposed to be-
ing intrinsic to the underlying physical process. The present
findings on the intensity histogram suggest that within the
plateau region any threshold dependence should be purely ar-
tificial, whereas in the regions of the wider-than-Poissonian
peaks would result as a combination of artifacts and the pres-
ence of the distributed intensity states. It is thus also of interest
to investigate on methods to estimate unbiased statistics from
binned trajectories.
V. CONCLUSIONS AND OUTLOOK
This study demonstrated a generic theoretical method for
the treatment of binned photon counting statistics in single
fluorophore blinking, and showed that one can learn valuable
information about the number and nature of the underlying
intensity states by its application in the analysis of the inten-
sity histogram. The theoretical approach assumed a two-state
system with known totally monotone WTDs of otherwise ar-
bitrary functional form, which is one of its principal strengths.
A specially tailored kinetic scheme of bright and dark nodes
allowed for the control of the WTDs by varying the number
and transition rate of the nodes. This was possible since the
WTDs could be written as weighted sums of decaying expo-
nentials each associated with a node. The method was applied
on CdSe/ZnS core/shell QDs with power law WTDs, by com-
paring theoretical and experimental intensity histograms. A
simple and efficient method was devised to test the two-state
hypothesis on a large number of trajectories based on the con-
tribution of dark peak probabilities.
From the comparison it became apparent that, in terms of
qualitative features, histograms from telegraph-like quantum
dot trajectories seem to roughly follow the two-state descrip-
tion. In particular, the two dominant bright and dark peaks and
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the inter-peak plateaus were qualitatively reproduced. The
shape, curvature, and especially tilt of the inter-peak features
were found to be sensitive to the power law exponents. The
analysis in this paper revealed a quasi-continuous distribution
of bright and dark states grouped around two maxima. Over-
all, the presence of more-or-less flat plateaus indicates that
these groups are separated by a gap of intensity states. This
idea of a multi-state blinking, suggested by several earlier
studies, is further supported in this work by a quantitative in-
vestigation involving a large number of trajectories compared
to calculations with a wide range of parameters.
The present findings have implications on future micro-
scopic models of blinking. On the one hand, a distribution of
dark and bright states can be reconciled with a combination of
multiple charging and trap-assisted dynamical non-radiative
channels could probably reproduce these distributions. On the
other hand, the multiple recombination center model,17 can
naturally explain such a quasi-continuum of states. The obser-
vation of the intensity state gap corresponding to the plateau
feature in the intensity histogram indicates that the two-level
systems used to model the recombination centers should be
strongly interacting. Since both of these models of blinking
assume dynamical trapping centers, one is led to the conclu-
sion that the microscopic mechanism of blinking could be un-
derstood by uncovering the nature of the recombination cen-
ters. Here, a step has been taken towards this goal by provid-
ing constraints on the interaction parameter of the two-level
systems used to model these centers at a phenomenological
level. Since the MRC model can reproduce with ease various
features of blinking, further investigation is warranted along
its phenomenology. It is of interest to develop a Bayesian sta-
tistical method to give an accurate estimation of the parame-
ters of recombination centers (their number, trapping rates, in-
teraction, and bias parameters) from complete photon count-
ing series.
Photon counting theory has been successfully applied to
estimate fast protein folding rate assuming simple exponen-
tial kinetics.43 According to our calculations P(m|T) is quite
sensitive to the change of the shortest timescales (Fig. 7),
therefore it is of interest to further extend the treatment to
the estimation of this timescale by comparison based on his-
tograms. Another extension of the present photon counting
method could be to calculate on and off time distributions
known to exhibit strong threshold dependence,17 as observed
from binned trajectories. In particular, one ought to investi-
gate the extent to which the choice of threshold can result in
artificially biased on and off power law exponents, as well
as to estimate their true values. Note that such calculations
would be especially useful for fluorophores that can be de-
scribed as true or approximate two-level systems. During the
review process of the present paper a study was published
along these lines using simulated trajectories with power law
waiting times.44
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APPENDIX A: THE NUMERICAL COMPUTATION OF F ′m
The most general case is considered where the order of
approximation in Eq. (21) is arbitrary. Calculations are for-
mally much simplified if a tensor algebra is employed. Ten-
sors are built up from vectors of dimensions Nb and Nd after
a repeated application of the outer product operation. For ex-
ample, a 2-dimensional tensor result from the outer product
of two vectors,
↔
T = u ⊗ v, using the definition
(u ⊗ v)ij = uiuj . (A1)
This definition is then generalized to tensors of arbitrary di-
mensions. The dot product must be also defined,
(↔A · ↔B) =
∑
i,j,...
Aij...Bij .... (A2)
As a benefit of the tensor notation one can separate the λ
and s dependent part from a constant in Eq. (24). By employ-
ing the properties from Eqs. (22) and (23) F ′m can be recast as
F ′m(l1, l2, l3, l4)
= (−1)m
× ↔K ·L−1
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
dm
dsm
(
1
s+ Hb ⊗ · · · ⊗
1
s+ Hb
)
︸ ︷︷ ︸
l1+l3=Lb terms
⊗ 1
s + Hd · · ·︸ ︷︷ ︸
l2+l4=Ld terms
· · ·
+rnCm−nn
dm−n
dsm−n
(
1
s + Hb ⊗ · · ·
)
dn
dsn
(
⊗ 1
s + Hd · · ·
)
· · ·
+rm
(
1
s + Hb ⊗ · · ·
)
dm
dsm
(
⊗ 1
s + Hd · · ·
)}
,
where Hb = 1 + Kb and Hd = r1 + Kd , while Cm−nn = (m
− n)!/(m!n!), n = {0, . . . , m} is the number of combi-
nations for a subset of n elements chosen from a set of
(m − n) elements. The constant tensor is defined as ↔K
= ( Kb⊗)l1 (1⊗)l3 ( Kd⊗)l2 (1⊗)l4 1. By using the convolution
theorem and standard formulas for derivatives of the Laplace-
transform Eq. (A3) is effectively reduced to inverting the two
tensors in brackets of dimensions Lb and Ld, respectively,
F ′m,T (l1, l2, l3, l4)
= ↔K ·
m∑
n=0
rnCm−nn
×
∫ T
0
[tm−nL−1{(s + Hb)−1 ⊗ · · ·}(t)
× (T − t)nL−1{⊗(s + Hd )−1 · · ·}(T − t)]dt.
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The Laplace-inversions and integration in Eq. (A3) can
be carried out computationally by symbolic calculation for a
very limited number of nodes. However, this direct method
quickly becomes computationally unfeasible as the number
of nodes is increased, e.g., to yield smooth weighting distri-
butions spanning perhaps orders of magnitude in this time.
One can tackle this challenge by introducing small vari-
ations δ Hb and δ Hb in Hb and Hd . The goal of this “vari-
ational method” is to prevent any identical elements in the
expressions to be Laplace-inverted in Eq. (A3). This mathe-
matical device allows for a unified analytical formula for the
Laplace inversions. For a general treatment let us assign index
j to vectors H noting that Hj can be either Hb or Hd ,
L−1{ (s + H 1l1)−1 (s + H 2l2)−1 . . . }(t)
→ L−1{(s + H 1l1 + δH 1l1)−1(s + H 2l2 + δH 2l2)−1 . . . }(t)
=
∑
j
e
−(Hjlj +δH
j
lj
)t ∏
j ′ =j
1(
H
j ′
lj ′
+ δHj ′lj ′
)− (Hjlj + δHjlj ) ,
(A3)
since Hjlj + δH
j
lj
= Hj ′lj ′ + δH
j ′
lj ′
for any j = j′ even if Hjlj
= Hj ′lj ′ since no two variations are allowed to be identical. The
variations are random numbers which are gradually reduced
until sufficient convergence is achieved.
In Eq. (A3), the time dependence enters only through
exponentials. Therefore, introducing the notations αl = Hl
+ δHl and βl′ = H ′l′ + δH ′l′ the time-dependent part of the el-
ements of the convolution integral tensor in Eq. (A3) can be
recast as∫ T
0
tm−ne−(Hl+δHl )t (T − t)ne−(H ′l′+δH ′l′ )(T−t) dt
= e
−αlT T m+1
(m + 1)! 1F1(n + 1,m + 2, (αl − βl′ )T ). (A4)
Since in practical applications the number of photons per
bin is often in the hundreds care must be taken in avoid-
ing variable over- and underflow due to the factorial term in
Eq. (A4).
Both the direct and variational methods have been imple-
mented using the powerful symbolic and array (tensor) tools
of MATLAB.45 With the purpose of validation test computa-
tions have been performed to compare the variational result to
the corresponding exact result.
APPENDIX B: EXPONENTIAL WTDs: VALIDATION OF
TECHNIQUE
Here, the simplest case is considered, whereby both
bright and dark WTDs are simple exponential functions. This
is equivalent to having only one node for each of the two in-
tensity states, i.e., Nb = Nd = 1. This particular case was al-
ready treated by Gopich and Szabo, who have given an ana-
lytic formula for the probabilities P(m|T).16 Their results are
accurately reproduced in Fig. 6 as a means of verifying the
correctness of the present technique. Note that as opposed to
the calculations of Gopich and Szabo, the present method in-
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FIG. 6. The distribution of the number of turnovers in a bin for exponen-
tial WTDs calculated for a series of bin times and bright ↔ dark switching
rates. The dark state is only “dim” since its emission rate is only r = 1/2
of the bright intensity: nd = 1 ms−1 and nb = 2 ms−1. The rows correspond
to bin times of 10 ms (top row), 100 ms (middle row), and 300 ms (bottom
row). The columns correspond to different bright and dark switching rates,
namely, Kb = 8 s−1 and Kd = 2 s−1 (left column), Kb = Kd = 5 s−1 (cen-
ter column), and finally Kb = 2 s−1 and Kd = 8 s−1 (right column).
volved several reasonable approximations that made calcula-
tions tractable. The perfect agreement between the two calcu-
lations indeed validates these approximations.
Another validity test, a simple one, is that P(m|T) being a
well-defined probability should yield 1 after summation over
m. This normalization test can be always performed irrespec-
tive of the functional form of the WTDs. These include such
relevant functions as power laws and stretched exponentials,
for which, to my best knowledge, no calculations have been
reported in literature before this study.
It is expected that as bin times are increased a central
peak shows up in addition to the two Poissonian-like peaks
corresponding to the dark (dim) and bright states. This effect
is due to the fast transitions between the two states when com-
pared to bin time. The central peak is quite evident for the Kb
= Kd case (Fig. 6 bottom line, center column), whereas for
more eccentric bright/dark peak ratios a flat inter-peak fea-
ture is seen. For long enough bin times the central peak is ex-
pected to dominate regardless of the parameters in the kinetic
scheme.
APPENDIX C: STATISTICAL CONFIDENCE INTERVAL
ESTIMATION FROM TRAJECTORIES
This section describes the details of the method for con-
fidence interval estimation for the off peak probability contri-
butions and mean quantum yield from trajectory histograms.
The fn notation will be used for the number of intensity points
corresponding to the count n.
The off (dark) peak of dichotomous-like (two-peak in the
histogram) trajectories is typically narrow and can be fitted
well by a Poissonian centered at 2–3 bin units in the his-
togram. Due to blinking dynamics, the inner (right side) base
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of the peaks becomes much wider and thus the Poissonian fit
is usually limited to about 3–5 bin units in the histogram. The
estimation method proceeds in two steps. First, a maximum
likelihood method is used assuming a Poissonian Pn(λ) distri-
bution of these first n0. Here, λ corresponds to the maximum
of the Poisson peak, i.e., the background photon count level.
One has to search for the maximum of the log-likelihood func-
tion
L(λ) = −Ndλ + log(λ)
∑
n
(nfn)
−
∑
n
fn log(n!) − Nd log
(∑
n
Pn(λ)
)
, (C1)
where Nd =
∑
nfn and summations run from n = 0 to
n = nd. Due to the large number of data points in these first
bins (of the order of 1000), one can assume a Gaussian distri-
bution around the maximum likelihood at λ0 which yields the
standard deviation (STD) σλ0.
In the second step, one can estimate the probability con-
tribution of the dark peak, to which a stochastic variable a will
be assigned. Using the notation N = ∑∞n=0 fn the variable
an = fn
NP (n, λ) (C2)
will be defined, which is the estimation for a using only one
histogram point, fn. Since the fn are assumed to be Poisson-
distributed with STD (NaPn(λ))1/2, and they are large num-
bers, the standard variable bn = (a − an)(NPn(λ)/a)1/2 is very
well approximated by a Gaussian centered at 0 and having
STD of 1, G(0, 1). From here follows that ∑ndn=0 bn is dis-
tributed as G(0, 1/√nd + 1), which is a function of a. The
pair distribution function (PDF) of a follows by a change of
variables from
∑nd
n=0 bn → a. Note that this is a conditional
PDF since an is a function of λ, prob(a|λ). Due to the large
number of data points it is safe to assume that the distribu-
tion of λ given by the likelihood method is independent of
the distribution of an, therefore the probability associated with
a is
prob(a) =
∫
prob(a|λ)prob(λ)dλ. (C3)
In order to find the confidence intervals one needs the cumu-
lative probability, which involves integration with respect to a
as well,
prob{a < a1} =
∫ a1
0
da
∫ ∞
0
dλ
1
4πσλ0
× exp
[
−N (a − aλ)2 Pn(λ)2a
]
× exp
[
− (λ − λ0)
2
2σ 2λ0
]
J (a, λ), (C4)
where the Jacobian is due to the change of variables,
J (a, λ)= 1
2nd
√
a
[
1
a
√
N
∑
n
fn√
Pn(λ)
+
√
N
∑
n
√
Pn(λ)
]
.
(C5)
A 95% confidence region corresponding to the interval (a1,
a2) can be found by solving the integration assuming the re-
lations prob{a < a1} = 2.5% and prob{a < a2} = 97.5%.
The estimation of the mean quantum yield confidence in-
tervals involves finding the 100% quantum yield bright emis-
sion rate. The on peak is too wide for a Poissonian fit; there-
fore, a less rigorous method is used. One can assume a very
broad region starting at the maximum of the on peak and ex-
tending almost to the end of the on tail. This choice makes
it practically certain that this region will contain the 100%
quantum yield state.
APPENDIX D: SHORTEST TIMESCALES FOR POWER
LAW WTDs
The effect of the shortest timescale (tb(d)m ) on the flat con-
formational dynamics feature (Fig. 7) is investigated. For sim-
plicity, identical shortest times were chosen for both bright
and dark WTDs, and calculations were performed by vary-
ing them over a range spanning one order of magnitude, from
5 ms to 50 ms. In qualitative agreement with basic obser-
vations on QD fluorescence intermittency, a 10:1 ratio be-
tween the longest timescales is assumed in favor of the dark
0 200 400 600 800 1000 1200
0
0.2
0.4
0.6
0.8
1
x 10−3
Counts/10ms
Pr
ob
ab
ilit
y
0 100 200 300 400 500 600
0
0.5
1
1.5
2
2.5
x 10−3
0 20 40 60 80 100 120 140
0
2
4
6
8
x 10−3
FIG. 7. The probability of counts in a bin as a function of the shortest
timescale of the WTDs. The figures show the effect for different bin sizes,
10 ms (a), 50 ms (b), and 0.1 s (c). Within each panel the plots correspond to
shortest timescales of tb(d)m = 50 ms (blue), tb(d)m = 20 ms (red), tb(d)m = 10 ms
(black), and tb(d)m = 5 ms (green), respectively. Longest timescales were
tdM = 1s and tbM = 0.1 s, throughout. Other parameters were αb(d) = 1.5 and〈Y〉 = 0.1.
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intensity state, as well as a pronounced asymmetry between
the probability of being in the dark versus bright states (9:1).
The results in Fig. 7 show the expected effect upon changing
the shortest timescale: the shorter it is, the more pronounced
the inter-peak flat feature becomes. In the meantime, a con-
sistent shrinking of the bright peak is observed. While the rel-
ative size of the features is affected, the overall picture does
not change qualitatively over the range of 5 ms–50 ms.
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